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I propose quasiparticle and quasihole operators which operating on the Langhlin wave fnnctions 
describing the Langhlin condensates (LCs) at the filling factors i/ = 1/m in a specific Hilbert- 
subspace, generate composite fermions (CFs) by expelling electrons from the condensate to a differ¬ 
ent Hilbert-subspace. The condensation of these expelled electrons into o = 1/m together with the 
original LC, form a new condensate a,t u = 2/[2(m — 1) -f 1], In general, hierarchically constructed 
states are coupled LCs formed at different Hilbert-subspaces and the corresponding wave fnnctions 
are identical with those proposed in the CF theory. This theory further predicts that the half and 
the qnarter filled lowest Landau level are quantum critical points for topological phase transitions. 

PACS numbers: 73.43.-f 


The fractional quantum Hall effect (FQHE) [T] systems 
are quintessential topological quantum states of matter 
arising solely from strong correlation. Two celebrated 
microscopic theories which have more dissimilarities [3] 
than similarities have been proposed for understanding 
this unique phenomenon: One, though based on certain 
general principles [T] , followed by a hypothesis of the con¬ 
densation of quasiparticles or quasiholes in producing hi¬ 
erarchy of states laiz], has been successful for describing 
only the states with filling factors ly = 1/m (m odd); the 
other relies on a hypothesis that the relevant quasipar¬ 
ticle for the interacting system is the composite fermion 
(CF) [IIH] -a bound state of an electron and an even 
number of quantized vortices-and their integer quantum 
Hall effect (IQHE) [9] provides fairly accurate description 
of most of the FQHE states m in the lowest Landau 
level. However, an unifying picture is lacking because 
of some of the unanswered fundamental questions: How 
the CFs emerge as relevant quasiparticles of the FQHE 
in the lowest Landau level (LL)? Can one construct wave 
functions without presuming the CF theory yet mimic 
the structure of effective Landau-like levels which is a 
hallmark of the CF theory? In this letter, these funda¬ 
mental questions are answered and I show that the com¬ 
posite fermion wave functions are identical with the wave 
functions described by the coherent superposition of the 
coupled parent Langhlin condensates formed at different 
Hilbert subspaces. 

The single particle wave function for two-dimensional 
electrons in the lowest LL subjected to a magnetic 
field B perpendicular to the plane of the system is 
tpiiz) = exp[—|2;p/4] with complex coordinate z = {x— 
iy)/l, angular momentum of the degenerate orbitals I = 
0,1, 2, • • •, and magnetic length i = (fic/ei?)^/^. Laugh- 
lin [T] proposed the ground state wave function for N par¬ 
ticles al V = 1/m (hitherto suppressing ubiquitous Gaus¬ 
sian factor for each particle) as ~ Y\k<i^u 

relative coordinate between two particles Zki = Zk — zi, 
where Zk is the coordinate of fc-th particle. Langhlin pro¬ 
posed also the wave functions of a quasiparticle (QP) and 


a quasihole (QH) excitations as = ]/[; and 

~ rii their respective charges {—e/m) 

and e/m. The Haldane-Halperin (HH) hierarchy theory 
0111 begins with these QPs and QHs: If the pair-wise 
interaction between them is dominated by the repulsive 
short range part and is less than the energy gap of the 
parent Langhlin state, and their number becomes half 
of the particles of the parent state, new incompressible 
“daughter” states are formed at u = l/(m ± 1/2); the 
sign -|-(—) is for the state generated by QPs(QHs). Each 
of these daughter states will further generate two grand¬ 
daughter states by producing their Laughlin-like QPs and 
QHs. Iterating this process, a family of fractions can be 
generated, but it does not produce robust hierarchy of 
states as certain states in the upper steps of the hierar¬ 
chy are not realized [3] while some states in much lower 
steps of the hierarchy have been observed. Further, no 
simple [nHi3] explicit wave functions for these daughter 
states can be formulated using QP or QH wave functions. 

The CF theory|3], on the other hand, begins with 
the postulate that every electrons is associated with 
(2s) quantized vortices known as CF (denoted by ^®CF) 
which becomes the effective weakly interacting QP for 
the FQHE. The IQHE [9] of these QPs with filling fac¬ 
tor V* = n will produce incompressible states at = 
( 2 sn±i) ’ +(“) refers to the parallel (antiparal¬ 

lel) direction of effective magnetic field for the CFs with 
respect to the applied magnetic field. The corresponding 
hierarchy is robust as the states that have been observed 
m belong to these sequences and their energy gaps de¬ 
crease with the increase of both n and s. This theory 
naturally predicts the explicit ground state wave func¬ 
tions which have been shown to be fairly accurate [2] for 
the Coulomb interaction in finite systems, and it repro¬ 
duces Laughlin wave function [3] for when 

n = 1. Further, the CF theory predicts that the CFs 
form gapless Fermi sea 0 US] at v = l/(2s) that has 
been rigorously tested [I6H10 along with the presence of 
the structure p^U22] of effective Landau-like levels. Since 
the CF theory has exemplary success and it also repro- 
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duces the Laughlin wave functions, one wonders whether 
the CF wave functions for can be obtained starting 
from the Laughlin theory, because a phenomenon should 
have an unique theory and if there exists more than one, 
they should be intricately connected. I here report a 
theory which unifies both the theories that are based on 
different principles. 



2n+l 4n-l 

FIG. 1. (Color online) Both the sequences of filling factors 
and starting at = 1/3 form two legs. First few 
states of the sequences are shown and the ellipsis represent the 
continuation of the sequences. The direction of the increment 
of flux in the diagram is shown by an arrow. The arrows 
connecting two consecutive states in the sequences represent 
whether the states are generated by the QP (filled arrows) or 
QH (unfilled arrows) excitations of their predecessors. 


one reduced flux quantum from the Laughlin condensate 
(LC). A quasiparticle wave function is thus found to be 

N 

'i/'f = ( 2 ) 

j=l 

with 4'^/^ = nfc<i representing LC without j-th elec¬ 
tron,^ Pj = and The 

physical description of this QP in Eq. (H is as follows: 
One of the electrons get expelled (see Figj^) from the 
LC where remaining electrons rearrange themselves in 
their Hilbert subspace. While each of the electrons in 
the condensate experiences m correlation holes at the 
position of other electrons, they feel (m — 1) correlation 
holes associated with the expelled electron; thus a ™“^CF 
emerges as QP excitation of the LC and the net increase 
of charge is [—elm) due to the reduction of one correla¬ 
tion hole. Exiting from the LC in the Hilbert subspace, 
'Hi, characterized by the set of analytic functions {^j}, 
the electron occupies one of the states in the Hilbert sub¬ 
space, 'H 2 , characterized by a set of analytic functions 
P5] {zj Pj}. While the former subspace corresponds to 
the lowest LL, the latter may be obtained by projecting 
the second LL onto the lowest one for a fixed number 
of electrons. Although the QP operator O^p in Eq. Q 
sends the expelled electron into the angular momentum 
I' — 0 state, the states with any I' will represent a QP. 
The QP wave function ([^ differs from the Laughlin QP 
wave function but is identical with the QP wave function 
in the CP theory, and thus, as shown in Ref. |24] , the 
energy of 4^^/^ is lower than that of 


The FQHE states of the sequences v = nl[2n + 1) and 
iz = nl{in — 1) are described by the IQHE of ^CFs and 
"^CFs when the effective magnetic fields of the respective 
CPs are positive and negative, respectively. Both the se¬ 
quences represent jz = 1/3 state (Pi 80 when n = 1. This 
is a dichotomy that this state can be represented by ei¬ 
ther of the ^CFs and ^CFs. However, the wave functions 
due to both these representations at :z = 1/3 are identical 
with the Laughlin wave function. Since this dichotomy 
breaks down for n > 1 and ^ = 1/3 is a Laughlin state 
which does not need to be a CF state, continuity will be 
restored if and only if a QP and a QH of the Laughlin 
state find representations in terms of a ^CF and a "^CF, 
respectively. There must be a QP operator which oper¬ 
ating on the Laughlin state at :z = 1/3 will create a ^CF, 
and similarly a QH operator will create a ^CF. 

I thus begin with proposing a QP operator 


O. 


qp 


N 

= E 

i=i 


d_ 

dzi 



^ ] 

d[zi -Zj) j 


( 1 ) 


for the Laughlin states. The action of this operator on 
the Laughlin state at zz = 1/m is to produce a state with 
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FIG. 2. (Golor online) Schematic diagrams for the steps 
of transformations on decreasing flux from a Laughlin con¬ 
densate. The disk-shaped bases represent different Hilbert 
subspaces, ellipsoids on these bases represent LGs, lines con¬ 
nected to electrons (spheres) represent strong interaction, and 
ring-shaped structures represent coupling between the layers. 
The arrows represent the evolution of the condensates on de¬ 
creasing flux. 

Decrease of q flux quanta from the Laughlin ground 
state leads to a LC with [N — q) electrons in 'Hi and 
the remaining q electrons occupying H 2 strongly interact 
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(Figj^). The decrease of one unit of flux quantum after 
N/2 electrons get expelled into 'H 2 helps to form their 
own LC. The coupling of these two LCs through their 
associated correlation holes form a topologically distinct 
condensate (Figj^) at the filling factor = 2/[2 (to — 
1 ) + 1] with angular momentum = {N/ 2 )\N/v 2 — 
(m + l)] of the corresponding ground state. Based on this 
description, the explicit form of the constructed ground 
state wave function given by 

= E n n s’?-' 



FIG. 3. (Color online) Difference of energies (in the unit of 
e^/e^) between Laughlin or CF quasiholes and the proposed 
quasihole at u = 1/3 calculated for different N. 


is precisely (see Supplemental Material [25]) the CF 
wave function HHSj when 2s = m — 1. The con¬ 
densates of "Hi and H 2 are related via iUA) = 

(rijefj.} function (3) is anal¬ 

ogous to the Halperin wave function m (to, to, to — 1 ) 
for a bilayer system, having fundamental differences: The 
layers here correspond to different Hilbert subspaces and 
no electron is associated with any particular layer; the 
state is a coherent superposition of all the combinations 
of (to, to, to — 1 ) states where a group of half of the elec¬ 
trons occupy the first layer and the other half in the 
second layer. 

A further decrease of one unit of flux quantum right 
at the filling factors 1^2 force to exit one electron 
each from the two LCs in "Hi and 7^2 to 7 ^ 3 , char¬ 
acterized by a set analytic functions where 


AO 


= Eku -{^k,) ■ ■ ■ ^ka) ^ but remains coupled 
with both the condensates through the correlation holes. 
One unit of flux will thus create excitation of charge 
(—If we decrease q flux quanta from the flux which 
creates the condensate at h'}, the LCs of 77i and 7^2 
will contain {N/2 — q) electrons each and 2q electrons in 
7^3 will strongly interact (Fig[^). Decrease of (A^/6-|-1) 
quanta of flux will create three LCs oiv = 1/to in 77i, 7^2 
and 'H'i with N/3 number of electrons each and their mu¬ 
tual coupling will manifest (Fig[^) a new condensate [25] 
at the filling factor = 3/[3 (to — 1) -I-1]. To be general, 
any state in the sequence will consist of 

mutually coupled n Laughlin 1 /to condensates formed 
in 77 1 ,---, and 77„ with N/n electrons in each. De¬ 
crease of one unit of flux quantum will expel n electrons 
(one from each LC) into 77„+i creating QPs with total 
charge (—t'+e). A decrease of + 1) units of flux 

quanta will create coupled I/to LCs formed in 77i, • • •, 
and 77„+i and the system moves to a new topologically 
distinct state at the filling factor ■ 

The ground state wave functions '1'^+ at the filling fac¬ 
tors are all identical with those proposed in the CF 
theory. 


The QH operator which is conjugate to the QP opera¬ 
tor (1), Oqh = acting on the Laugh- 

lin wave function produces a QH wave function 



N 


i=i 


(4) 


where the wave function of a “conjugate” Laughlin 
condensate (CLC) without j—th electron, = 

TAll with <1)^7 <|)(/) being the wave 

functions for fully filled lowest LL and its conjugate, re¬ 
spectively, when j-th electron does not belong to the low¬ 
est LL. Plll, representing the projection onto the lowest 
LL, is needed for $_i. The wave function of a LC at 
13 = 1/to is identical with the wave function of a CLC at 
13 = 1 jm when all the electrons are present in the conden¬ 
sate. We thus can interpret the condensate &t v = 1/to 
as a CLC produced in the Hilbert subspace 'H\ charac¬ 
terized by a set of analytic functions {Pf as well. The 
physical description of a QH is not identical but similar 
to the description of a QP. Upon increasing one unit of 
flux at 13 = 1 /to, one of the electrons get expelled from 
the condensate to the Hilbert subspace 77^ characterized 
by a set of analytic functions {z^ pj^}. Since the expelled 
electron is associated with (to-|- 1 ) correlation holes with 
respect to all other electrons in the CLC where every elec¬ 
trons feels TO correlation holes in the positions of other 
electrons, the expelled electron can be considered as an 
emergent "*+iCF from the condensate and the excess of 
one correlation hole for the expelled electron justifies the 
QH with charge e/m. The QH wave function in Eq. 
represents a QH with angular momentum I = 0. While 
the QH wave wave functions for the Laughlin and the 
CF theories are identical, the QH wave function here has 
lower energy (Figj^ than the energy of former two QHs. 

By the increase of q flux into the Laughlin state at 
13 = I/to, the CLC will have q fewer electrons and the q 
expelled electrons situating in 77^ interact among them¬ 
selves. When q become N/2, the CLC will have N/2 elec- 
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irons and the remaining electrons will strongly interact in 
7^2 ■ These electrons will be benefited to form a CLC by 
the increment of one more unit of flux and the coherent 
superposition between these two coupled CLCs will form 
a condensate at the hlling factors — 2(Tn+i)-i whose 
ground state wave function will have angular momentum 
M^- = ~ (to — 1)]. The explicit wave function for 

these states 


= E 

ii<'"<iiv/2 

ll2l 


If (-11' If 

iefhl ii{n} 


m+l 


X e im) (5) 


with the CF wave functions ma. Here 

m, 


are identical 

the CLCs in Hi and H 2 are related via = 

(rijetji} Zj^ Further increase of one unit of 

flux will transfer two electrons (one each from two CLCs) 
into H'^ characterized by a set of analytic functions 
In general, increase of flux by -f 1) from 

the ground state at filling factor i3~ = consist¬ 

ing of coherent superposition of coupled n CLCs formed 
in "H*, • • •, and "H* will create a condensate of (n -f 1) 
coupled CLCs at filling factor v~j^i = ■ All 

the associated ground state wave functions are identical 
with the CF wave functions. 

The sequences of hlling factors n/(2sn -|- 1) and 
n/(2sn — 1) converge at the hlling factor v = l/(2s). 
A state with v < ^ will be topologically distinct from 
a state with v ^ ^ because the former corresponds to 
the coherent superposition of large number of coupled 
LCs, formed at different Hn, of 25^ hlling factors and 
the latter is formed when the coherent superposition of 
large number of CLCs, formed at different "H*, of hll¬ 
ing factor takes place. The bulk energy gap closes 
at the hlling factors T which separates above topolog¬ 
ically distinct states and thus Uc = l/(2s) serve as the 
quantum critical points for topological phase transitions 
when magnetic hux is tuned around these. This quan¬ 
tum phase transition will belong to a universality class 
PSI HH] where the characteristic energy scale, described 
by the gap A ~| v — with dynamical-critical ex¬ 

ponent z and V being the exponent for diverging coher¬ 
ence length: ^ ~| v — , will vanish at z/c- The 

experiments of photoluminescence spectroscopy 
developed for FQHE systems should determine the prod¬ 
uct of the exponents Pz, by observing symmetric and 
power-law dependent excitation energy around v = \ j2 
and 1/4. The closing of the bulk gap at Vc is also cor¬ 
roborated with the formation of the Fermi sea [am] of 
^®CFs. While the Fermi surface for v corresponds 
to the ^®CF particles, the ^'’CF holes create the Fermi 
surface for v ^ Vc because attachment of 2s vortices for 
these states overscreens the magnetic flux and thus their 


Hilbert subspace becomes conjugate to the ^'*CF parti¬ 
cles. These CF holes of second kind, however, should 
be differentiated with the literature of the Fermi surface 
made with the CF holes |31J [5S| of first kind which are 
composite fermionized holes (absence of electrons). 

Kamburov et al |dtij recently reported that while the 
Fermi wave vector for 1/ < 1/2 determines electron den¬ 
sity, it is the hole density that is responsible for the Fermi 
wave vector for v > 1/2. This anomaly, however, has not 
been observed around v = 1/4. Several contrasting theo¬ 
retical proposals such as spontaneous symmetry breaking 
of CF-particle and CF-hole Fermi surfaces |35| above and 
below V = 1/2, obeying CFs as Dirac fermions [37l |38] 
near v = 1/2, and breakdown |34j of Luttinger theorem 
[55] for the Fermi liquid of the CFs have been made for 
this anomaly. The experiment, however, suggests that 
the deviations of the Fermi wave vectors away from Vc 
seems to follow a power law | v — |“ which is possibly 

a positive signature of quantum critical point with a = 9. 

Now I discuss some of the earlier studies which dealt 
with making connection of the HH hierarchy theory [iiz] 
and the CF theory mm and what way the present the¬ 
ory differs from those. Read m argued that the HH 
hierarchy and the CF states for same are two different 
descriptions of the same universality class as they both 
describe same QP charge and braiding statistics [H] . On 
the contrary, Jain [3] pointed out that the CF theory 
is fundamentally different from the hierarchy theory and 
they cannot be adiabatically connected as the flux attach¬ 
ment for CFs is nonperturbative. Hansson et al [H] [55] 
showed that the CF wave function can be obtained as the 
correlators of certain operators in conformal field theory. 
This construction, however, presumes the existence of the 
CF theory since the different sets of operators have been 
chosen representing the different effective Landau levels 
of the CFs. Bonderson [53] has argued that the CF de¬ 
scription of the FQHE is hierarchical in nature and that 
the wave functions of a CF state can be constructed us¬ 
ing QP wave function of the hierarchically higher CF 
state, generated by the CF theory. This study also ex¬ 
plicitly assumes the existence of the CF theory. In this 
paper, I have proposed QP and QH operators which gen¬ 
erate CFs, upon operating on the Laughlin states, with¬ 
out assuming the presence of any CF in the Laughlin 
states. The wave functions are hierarchically constructed 
but they are fundamentally different from the HH hierar¬ 
chy theory: (i) While the hierarchically lower states are 
formed by the condensation of QPs or QHs of its imme¬ 
diate predecessor in HH hierarchy theory, all the states 
here are formed due to the condensation of electrons into 
LCs or CLCs in different Hilbert subspaces, (ii) In con¬ 
trary to the HH hierarchy theory, all the states in the 
sequence n/(4n — 1) are created by the QH excitations 
(see Fig. of their immediate predecessors. 

In conclusion, by introducing suitable quasiparticle 
and quasihole operators, I have demonstrated that the 
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composite fermions emerge as expelled electrons from 
the Laughlin condensates. I have comprehensively shown 
that the ground state wave functions for the filling factors 
V = 2 sn±i composite fermion theory are identical 

with the coherent superposition of n coupled Laughlin 
(conjugate-Laughlin) condensates of filling factors 55 ^ 
formed at different Hilbert-subspaces, where an electron 
in any of the condensates is felt by all the electrons in 
other condensates as composite fermions. Therefore this 
work provides an unified theory for the fractional quan¬ 
tum Hall effect and I believe that it would put an end 
to all the differences of opinions regarding hierarchy pic¬ 
tures. This theory further opens the possibility of future 
studies exploring the universality class of the quantum 
criticality at the filling factors t'c = l/( 2 s) and 1 — l/( 2 s) 
in the lowest Landau level. 

The author acknowledges useful discussions with J. K. 
Jain, S. Mukherjee, and K. Sengupta. He thanks K. 
Manna and S. Mukherjee for their help in drawing fig¬ 
ures. 
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Supplemental Material 

The Supplemental Material contains (i) a derivation of 
the proposed quasiparticle and quasihole wave functions, 
(ii) the constructed wave functions for the FQHE states 
emerging from the evolution of the condensates due to 
increase or decrease of magnetic flux, (hi) reorganization 
of the composite fermion wave functions to show that 
they are identical with the constructed wave functions 
in the theory, and (iv) the proposed wave functions for 
certain FQHE states in the range of filling factors 1/3 < 
iz < 2/5 which do not have analogue in the noninteracting 
model of the composite fermions. 

QUASIPARTICLES AND QUASIHOLES 

Laughlin wave functions [1] for the ground states of N 
particles at the filling factors v = \/m are given by 

^ 1 

= ( 6 ) 

i<j k 

where the relative coordinate between two particles Zij = 
Zi — Zj with Zj = {xj — iyj ) /£ being the complex coor¬ 
dinate of the j-th electron in a disk geometry. These 
wave functions have been constructed with certain gen¬ 
eral principles: analyticity of the lowest LL, Jastrow form 


best suited to describe a polynomial of fixed degree, an¬ 
tisymmetric nature of the wave function, and the eigen 
state of angular momentum. Laughlin further proposed 
elementary quasihole excitation by piercing one vortex 
with one unit of flux quantum into the condensate rep¬ 
resented by the wave function 

N 

(7) 

and similarly its quasiparticle counterpart 

N 

= ( 8 ) 

™ 1=1 

which have charge {—ejm) and ejm respectively. 

I here propose quasiparticle and quasihole wave func¬ 
tions at the filling factor v = 1/m as 

N 

(9) 

N 

= Y^{-iy > ( 10 ) 

j=i 

where = U^k^Tk (prime denoting exclusion of the 
j-th electron) represents Laughlin wave function exclud¬ 
ing /-th electron, and a modified Laughlin wave function 
representing CLC with the exclusion of j-th electron: 



1 

1 

1 

1 

1 

/ 

p(l) 

p(l) 

p(i) 

p(l) 

p(l) 


p(2) 

p(2) 

^2 

pi"^) 

1-1 

p(2) 

^3 + 1 

p(2) 

i<k 

p{N-2) 

p{N-2) 

^2 

p(JV-2) 

J-l 

p{N-2) 

^3 + i 

piN-2) 

■ ■ ■ 


where $^1-* and represent the wave functions for fully 
filled lowest LL and its conjugate, respectively, when j-th 
electron does not belong to the lowest LL, Plll denotes 
the projection into the lowest LL, prime (') represents 
exclusion of j-th electron in the product, and 


P' ' = 


E 


ki^k2---^kn^j 


Zjki ■ ■ ■ Zjk^ 


Z =1 


(n-1)! 
(n — l)\ 


where Pj,i = and Pyi = P/ > = P,, and 

1 


rj-yf] 


— rifc 


k¥^j ^kj 


( 1 ) 


( 12 ) 


(13) 


The wave functions (j^ and 10) 


represent excitations due to decrease and increase of one 


unit flux quantum from the LC at v = 1/m, respectively. 
These are obtained by modifying Laughlin quasiparticle 
and quasihole operators [T] as 


N 






ik I 


i<k 


N 


1=1 I ) i<k 


''ik ■ 


(14) 

(15) 


WAVE FUNCTIONS FOR EMERGING 
STATES 
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A continuous decrease of flux from the Laughlin state 
at V = 1 /to will reduce one electron per flux from the 
LC and the expelled electrons (see the paper) occupying 
Hilbert subspace 'U.i interact. When the number of ex¬ 
pelled electrons become A^/ 2 , a further decrease of one 
unit of flux will help these electrons to condense into a 


LC. We thus obtain two coupled LCs at v = 1/to of 
Af/2 particles each. The corresponding wave function 
will represent Ailing factor = 2 {m-i)+i angular 
momentum = {N/2)[N/i'2 ~ + !)]• The explicit 

form of this is given by 




+ = 
2 


E 

jl<---<jN/2 


n (-1)' n 

lelhl itUi} 




(16) 


where = (Hielj. j Pj)'L[^l({zj}). Similarly, increase of {N/2 + 1) flux quanta from the LC at v = 1/m will 

produce two coherently coupled CLCs of N/2 electrons each at ^ = 1 /to in the Hilbert subspaces Hi and H 2 - This 
state will represent the Ailing factor = 2 (m-si)-i angular momentum = {N/2)[N/i'2 — (to — 1)]. The 

explicit form of the wave function will be 



E 

jl<---<jN/2 


n (-1)^' n 

Niji} mj,} 




(17) 


where ^,)^'']({^,})- Both 

and 4',^- wave functions are identical [see Eqs. (25) and 
@] with the corresponding composite fermion wave 
functions[2H5]. The coupling between the condensates 
in different Hilbert subspace indicates an even number 
of correlation holes associated to each particle in a con¬ 
densate felt by the particles in other condensates; this 
is equivalent to capturing an even number of vortices by 
the electrons, as postulated in the CF theory. The con¬ 
densates of different Hilbert subspace mimic the filled 


effective Landau levels of the composite fermions which 
is the hallmark of representing fractional quantum Hall 
effect of electrons as integer quantum Hall effect of the 
CFs. 

A decrease oi N/6 flux quanta from the state at 
will make two LCs at v = 1/m with N/6 fewer electrons 
each and the expelled N/3 electrons will accumulate in 
Hs, characterized by the analytic functions A 

further decrease of one unit of flux quantum will help 
to condense these interacting electrons into a LC at = 
1 /to. These coupled three LCs form the condensate at 
= 3 (m-^i)-i-i ’''^ifh the ground state wave function 


E+ ^ E E 


n <-i) 

fcGf/ci} 


n i-D' n 


m—1 1 ^m—1 


^jk 




^kl 


IGfi,} 


mk.iAii} 


xM>fi{z,},k€ e ^ {{MAh}}) 


,[ 2 ] 




(18) 


having angular momentum M/" = (A^/ 2 )[A^/zz^ —(to-|- 2 )], 
where the LC in the Hilbert subspace Hn relates with the 
LC in Hi as 'lf^//j^{{zj}) = (Oj 

is the number of elements in the set {ki} greater than j 
in the set {ji}. Similarly, an increase of {N/3 -I- 1) flux 


quanta from the ground state at will create three 
coupled CLCs of = 1 /to in the Hilbert subspace HI, 
H 2 , and P 3 with N/3 electrons in each and form a 
new condensate at . The correspond¬ 

ing ground state wave function with angular momentum 
= {N/2)[N/i/^ — (to — 2)] is given by 


E-= E E (-lE 


n (-1)'^ n (-1)^' n 

feeffc,} je{n} i<^{ki},{ji} 




{h})^A{{zA,j e {{MAh}}) 


(19) 




















where the CLC in "H* is related with the CLC in "HJ by 

the relation z^-^.,y)¥^\{zj}). The 

wave functions and 5', - are identical [see Eqs. (fM!) 

_ '^3 '^3 1 I 

and (44)] with the corresponding CF wave functions ^[2]- 


. Similarly, all the ground state wave functions 4'^+ and 
can be constructed, and all of those will precisely be 
the CF wave functions. 


COMPOSITE FERMION WAVE FUNCTIONS 


In this section, I reorganize the composite fermion wave functions in a form which will clearly demonstrate that 
the wave functions presented in the previous section are identical with the composite fermion wave functions. 

Filling factors = 2/[2(2s) + 1]: The composite fermion wave functions [11 [5] for V 2 = 2/[2(2s) + 1] are give by 



1 

1 

1 

1 


2:1 

Z2 

ZN -1 

72 

Zn -1 

ZN 

72 

Zn 

N 

Phhh ^4/ 

JV/ 2-1 

N/ 2-1 

^2 

7 V/ 2-1 

^AT-l 

N/2-1 

Zn 

i<j 

4 

4 

Z*N -1 

Z*N 


ZiZ* 

Z2Z2 

1 

Cl 

1 

znz%i 


* 

Zi Zi 

-^/2-l * 

Z2 

iv/2-1 * 

Zm -1 Zj^_i 

N/2-1 
Zn z 


( 20 ) 


Following standard procedure |2] of the projection into the lowest LL, *.e., substituting z* —>■ 2dz- and operating all 
the derivatives on the Jastrow factor 


1 

1 

1 

1 


Zl 

Z2 

zn-1 

Zn 


~2 

~2 

1 



2^1 

Z 2 

Cl 

... 

1 

Zn 

N 

Ar/ 2-1 

Zl 

N/2-1 

Z2 

Ar/2-1 

Zn-1 

N/ 2-1 

Zn 

114 

d.. 

dz2 

dz2,-3 

dzt, 

i<j 

zid^^ 

Z2dz2 

ZN-ldzt,.^ 

Zn^zn 


N/ 2-1 ^ 

1 <^71 

••• 

^N-1 ^Zn-1 

ZjSf 



( 21 ) 


which can easily be reduced to 



1 

1 

1 

1 


2:1 

Z2 

Zn-1 

Zn 


^2 

~2 

,2 

„2 


Zl 

Z 2 

Zn-1 

Zn 

N 





114 

N/2-1 

Zl 

N/2-1 

Z 2 

N/2-1 

Zn-1 

N/ 2-1 

Zn 

i<3 

Pi 

P 2 

Pn-1 

Pn 


ZlPl 

Z 2 P 2 

1 

7 

znPn 



n/2-1 p 

Z 2 N2 

N/ 2-1 0 
^N — l ^N—1 



( 22 ) 


Disintegrating the determinant in Fq. (221 as the sum of all possible A!/[(A/2)!]^ combinations of the products of 
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two N/2 X N/2 determinants in such a way that all Pi’s are factored out from the determinants, I find 


VI/CF 


N 

n 

i<j 




E n 

jl<j2<---<jN/2 



d:* 

to 

^jN /2 


72 


^31 

^32 

3 n /2 

N/ 2-1 

N/ 2-1 


' 3 l 

^32 

'^ 3 n /2 


^2 


ZI 2 


N/ 2-1 N/ 2-1 


with li < I 2 ‘ ‘ ‘ < In/ 2 ^ li ^ {ji}- This expression can further be simplified to 


zi 


N/2 

.2 

^N/2 


N/ 2-1 

Zi 

^N/2 


(23) 




CF 


E 


h<h<---<iN/2 

. E . 

jl<32<---<jN/2 


n (-1)' n 

H{3i} 

n (-1)' n 

iefid H{3i} 


^2s 

Zjl 


^2s 

Zjl 


n n n 4 r' 

\i< 3 ,e{ 3 i} 3 e{ 3 ,} / k<l 4 {ji} 


(24) 


'^lj(2s+l)({^3}J G {ji\'N/](2s+l/{^l}3 i {ji}) (25) 


[nl 

where 'I>)y^ 2 s+i) represents LC of = 

is identical with the wave function 'I' + 

^2 

TO = 2s + 1. 


l/(2s + 1) at the Hilbert-subspace The wave function in Eq. (25) 


presented in Eq. (3) of the paper and Eq. (161 of the previous section w 


tien 


Filling factors V 2 = 2/[2(2s) — 1]: The composite fermion wave functions [HH] for the filling factors V 2 = 2/[2(2s) — 1] 
are given by 


^-CF 



1 

1 

1 

1 



2^2 

2^7V-1 

z% 



(4)" ••• 


{^*N? 

N 





Plll P[ Zi/ 

(^*)W/2-l 

(z|)^/2-i ••• 

0 

1 

to 

1 


i<3 

2:1 


ZN-1 

ZN 


zizl 

2202 

0 

1 

0 

1 

ZNZjq 


ziizt^/^-^ 

Z2{z*2r^^-^ ••• 

ZN-l{zlf-l)’^^'^ ^ 

ZN{z%r/^-^ 


which can be translated into 


1 

1 

1 

1 


d.. 

'9z2 

dzN-1 



^Z 1 

92 

^Z 2 

^zn-1 

ZN 

N 

flN/2-1 

Uzi 

flN/2-1 

(722 

^N/2-1 

^Zn-1 

f,N/2-l 

t-'zN 

Wt! 

Zl 

-22 

ZN-1 

Zn 

i<j 

Zidz^ 

Z2i9z2 

ZN — 1 ^zj^ — ± 

ZNdzf, 


^N/2-1 

^idzi 

^N/2-1 

^2^Z2 ‘ ‘ ‘ 

r.N/2-1 
ZN—1 ^zn — i 

7 ;^^/2-i 

Zn^zn 



(26) 


( 27 ) 
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Performing the derivatives, we find 



1 

1 

1 

1 


p(l) 

p(l) 

^2 

pCi) 

^N-1 

p( 2 ) 


p( 2 ) 

p( 2 ) 

^2 

p( 2 ) 

^N-1 

p( 2 ) 

N 





114 ' 

p(7V/2-l) 

p(7V/2-l) 

^2 

p(7V/2-l) 

^N-1 

p(Ar/ 2 -i) 

i<j 

Zl 

Z2 

Zn-1 

Zn 



Z2P^^'> ■ ■ ■ 

hi 

1 

1 

znP^n^ 


,^p(^/ 2 -l) 

Z 2 P 4 /"-') ••• 

,pW2-l) 



(28) 


Disintegrating the determinant in Eq. (281 as the sum of all possible A^!/[(A^/2)!]^ combinations of the products of 
two N/2 X N/2 determinants in such a way that Zi’s are factored out from the determinants, I find 




CF 


N 

n 

i<j 




T. n (-1)' 

jl<j2<-"<jN/2 


1 

p(l) 

p(2) 


1 

p(l) 

32 

p(2) 

32 


p{N/2-l) p(iV/2-l) 

^32 


1 

pCi) 

3n/2 

p(2) 

3n/2 


oiN/2-1) 
’ 3n/2 


( 1 ) 

( 2 ) 


.(1) 

I 2 

3 ( 2 ) 


P, 


iN/2-l) piN/2-1) 


with h < h ''' < In/ 2 j and ^ {ji\- This expression can further be simplified to 


,(i) 

^N/2 

,( 2 ) 

^N/2 


P 


(N/2-1) 


j2 


(29) 



vl/Cf ^ y 

1^2 2-^ 

n(- 

-^y n 4' 

l/(2s- 


1 " 

l/(2s- 


3l<32<---<jN/2 


mj.} 

V 

iGfi,} 

/ 


= E 

n(- 

- 1 )^' n 4 

^1/(28-1) 



jl<j2< -<jN/2 


mii} 




Here 




1 

1 

1 





p(l) 

p(l) 

M 2 

.173 

5 Ss zz 

to to 


Jjv/ 2 ) 

l/(2s-l) “ 

n 4 

p(2) 

Pi 

pC2) 

^2 





piN/2-1) 

p(Ar/2-i) 

p{N/2-l) 
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(30) 

(31) 


(32) 


with li < I 2 • ■ ■ < In /2 and li ^ {ji}, represents the wave function of a CLC of = l/(2s — 1) in which ji, j 2 , • • • ,jN/2 
electrons are excluded. This is same as the CLC at HI, ^ 1 /^ 28 -!)^ ^ {^i})- The wave function in Eq. (31) 


is identical with the wave function presented in Eq. (5) of the paper and Eq. (17) in the previous section wtien 
m = 2s — 1. 
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Filling Factors = 3/[3(2s) + 1]: The composite fermion wave functions [HH] for = 3/[3(2s) + 1] are given by 




N 


CF 


PhhL 

i<j 


,2s 


1 

1 

1 

1 


Z2 

ZN-1 

ZN 

-,2 

-,2 

~2 

,2 

^1 

^2 

Z^N-l 

Zn 

CO 

1 

Ar/3-1 

Ar/3-1 

Ar/ 3-1 

^1 

^2 ' ' ' 

^N-1 

Zn 

4 

4 

^N-1 

Z*N 

zizj 

Z24 

ZAr-izJ^_i 

ZnZn 

JV/3-1 * 

JV/3-1 * 

iV/ 3-1 * 

Ar/3-1 * 

Zi Zj 

Z 2 Z 2 • • • 

z^-l ^N-l 

Zn Zn 

(zD^ 

(4? ■■■ 


4%? 


^ 2 ( 4 )^ 

ZN-l{zl!_if 

zn4n4 



Ar/3-1/ . x 2 

^N-1 \^N-l) 

JV/3-1/ * ^2 
\^N) 


(33) 


which transform to the following form: 




1 

1 

1 

1 

■Zi 

Z2 

ZaT-I 

ZN 

_2 

J2 

~2 


Zl 

Z'2 

Z'N-l 

Zn 

Ar/3-1 

JV/3-1 

Ar/3-1 

Ar/ 3-1 

^1 

Z‘2 ' ' ' 

^rv-1 

Zn 


dz2 

dzN-l 

dzz, 

zidzi 

Z2dz2 

Zn — 1 ^2jv— 1 

ZnOzz, 

N/3-lg 

^Zi 

z^/3-15 ... 

^2 ^22 

z^/3-15 

Zn-1 r^zw-i 

z^/3-15 

dl 

5.^3 • • • 


^Zn 

^idl 

Z25| ••• 


ZNdl^ 

Ar/3-l;)2 

^Zi 

zT-^di ... 

^/3-lg2 

^N-1 ^ZN-l 

Ar/3-1 02 

^AT 


N 

n 

i<j 




(34) 


Performing the derivatives, I find 


VI/CF 


N 

n 

i<j 




1 

1 

1 

1 

Zi 

Z2 

zat-i 

Zn 


^2 

-.2 


^1 

^2 

^AT-l 

Zn 

Ar/3-1 

Ar/3-1 

Ar/3-1 

Ar/ 3-1 

Zl 

^2 

^AT-l 

Zn 

p(l) 

p(l) 

p(l) 

^N-1 

p(i) 

ZlP/^ 

Z2P/) . . . 

d(1) 

^AT-l-*/v_x 

znP^n^ 

Ar/3-1 pi) 
^1 -^1 

Ar/3-1 p(i) 

^2 -^^2 

Ar/3-1 p(i) 
^AT-l -^iv-l 

rv/3-ip(i) 

^AT -^AT 

pC^) 

pC^) 

-^2 

p(2) 

-^iV-l 

p(2) 

Zlpf^ 

Z2Pf ^ . . . 

r pt^) 

-^AT—1-^ xv_x 

znP^n^ 

A//3-lp2) 
2i .r^ 

Ar/3-1 p(2) 

^2 -^^2 

Ar/3-1 p(2) 
^AT-l ^N-l 

7V/3-lp(2) 
^AT -^AT 


(35) 


Disintegrating the determinant in Eq. (351 as the sum of all possible A^!/[(A^/3)!]^ combinations of the products of 
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three N/Z x iV/3 deterniinants in such a way that and Pi^'^^s are factored out from the determinants, I find 


N 


iiki} 


VI/CF 


114^ E E n n (-1)^4 


(1) 


i<j fel<fe2<'"<fcN/3 il<i2<'"<iiV/3 


feG{fci} 


iefid 



1 

1 

1 


1 

1 

1 


Zki 

Zk3 

^kN/3 


zh 

Zh 

^^N/3 

X 


^2 

zl 

^N/3 


€ 

z? 

h 

zf 

'-N/3 


7 

CO 

H 

7V/3-1 

^fc2 

^N/3 


N/3-1 

N/3-1 

N/3-1 

'^1 

f'N/3 


1 

1 

1 


^32 

^3n/2 



■ z2 


^32 

3n/2 

W/3-1 

■i 

CO 

1 


'31 

32 

^3n/3 


(36) 


with h < h ■'' < In/ 3 j and li ^ {ji} and {ki}. This expression can further be simplified to 




t{k.} 

E E (-1)^^”^ 

fcl<fc2<-"<fciV/3 jl<j2<"-<jN/3 


n (-i)‘ n (->)> n 

k&{ki} li{ji},{k,} 


_2s 2s 2s 
^jk '^jl '^kl 


n 




2s+l 


kr 


n ’ n 


yk<r,G{ki} 


k£{ki} 

m,} 


,2s+l I I p(l) 

y 11 I li 

*<t,6{h} iefid / 


n 


2s+l 


2s 2s 2s 
^jk '^jl '^kl 


E E (- 1 )^’”’ n (-i)‘ n n 

fcl<fc2<---<fciV/3 h<j2< - <3N/3 fcG{fei} tG{ii} 

^'^^l/{2s+l)i{^k},k e {A*})«'f/(2s+i)({2i},j e {j*})^l/(23+l)({^i}-^ i {ji}.{**}) 


(37) 


(38) 


The wave function '1'®+ in Eq. (38) is identical with the wave function ^'„+ presented in Eq. (18) of the previous 

u2 


section when m = 2s + 1. 


Filling Factors = 3/[3(2s) — 1]: The composite fermion wave functions [H [S] for the filling factors = 
3/[3(2s) — 1] are given by 



1 

1 

1 

1 


4 

(ztf 

22 

(22*)^ ••• 

2^-1 

( 2 ^- 1 )^ 

z% 

4*n? 


(^*)Ar/3-i 

(4)^/3-l ... 

( 2 ^- 1 )"^/^-^ 

(2),)^/3-3 

N 

■21 

Z2 

ZN-1 

ZN 

Plll zfj 

zizl 

Z24 


znz% 

i<3 

Zl(zC)^/3-l 

■ 22 ( 22 )^/^”^ ••• 

zn-i{zn-i)^^^~^ 

ZNiz*^)^/^-^ 


4 

2 I 

^N-1 

z% 


44 

2 I 4 

^N-l^N-1 

^N^N 


^2(^*)lV/3-l 

z2(4)^/3-1 ... 

hi 

1 

M 

1 

CO 

1 
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which transforms into the following form: 




1 

1 

1 

1 

5.3 

5z2 


5.« 


52 


52 

zn 

nAf/3-1 

Ozi 

nAf/3-1 

0.2 

^-27v_1 

„ Ar/3-1 

Ozff 


2:2 

Zn-1 

Zn 


225^2 

ZN-ldzj^_^ 

ZnOzj^ 

oAf/3-1 

^l^Zi 

^2^Z2 ’ ’ ’ 

n^/3-1 

^NC'zn 

^2 

J2 

..2 

-.2 

Zl 

Z‘1 

^N-1 

Zn 

zld^i 

zldz.2 


Zn^zm 

72nAr/3-l 

ZiUzi 

.2a^/3-l 

^ 2^-22 

2 ^N/3-1 

2 nlV/3-1 


N 

n 

i<j 


.2s 


(40) 


Performing the derivatives, we find 


4' 


CF 


N 

n 

i<j 




1 

1 

1 

1 

p(l) 

p(2) 

p(l) 

p(2) 

-^2 

p(l) 

-^N-1 

p(2) 

-^N-1 

p(2) 

p(2) 

p(iV/3-l) 

p(iV/3-l) 

piN/3-1) 

^N-1 

p(Af/3-l) 

^N 

Zl 

2:2 

Zn-1 

Zn 

ZlP^^'^ 

Z2Pi'^ • • • 

d(1) 
l^jV—1 

znPn^ 

^^p(^/3-l) 

... 

p(7V/3-l) 

znP^^'^-^'> 


_r2 

^2-^2 

^AT-l 

2 p(l) 

4 

^2 p(l) 

Zn^N 

^2pW3-l) 

^2pW3-l) 

^2-^2 

^2 pW3-l) 

^2 p(A^/3-l) 

Zn^N 


(41) 


Disintegrating the determinant in Eq. (411 as the sum of all possible A^!/[(A^/3)!]^ combinations of the products of 
three N/3 x iV/3 determinants in such a way that Zi’s and zf’s are factored out from the determinants, I hnd 




N 

n4‘ E E (-1) 

i<j fel<fc2< '<feiV/3 h<h<---<3N/i 


Ei "j 


p: 


1 

1 

1 

p(l) 

^ki 

p(i) 

p(l) 

k-N/Z 

p(2) 

p(2) 

^fe2 

p{‘^) 

kw/z 

,(7V/3-l) 

fci 

p(rv/3-i) 

-^fe2 

p(N/3-l) 

kN/Z 


n n (-1)^ 


fce{fci} 


i6{h} 


( 1 ) 

'1 

( 2 ) 


( 1 ) 

:2 

( 2 ) 


1 

p(l) 
^ jl 

p(2) 


P 


(JV/3-1) 


P 


(JV/3-1) 


P 


(Ar/3-1) 

h 


.(1) 

^JV/3 

3 ( 2 ) 

In/3 


3(JV/3-1) 

^N/2 


1 

p(l) 

32 

p(2) 

32 


p(Ar/3-l) 

32 


p(l) 

3n/3 

p)(2) 

3n/3 


piN/3-1) 

3n/3 


( 42 ) 
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with h < h ■'' < In/ 2 j and h ^ {ji} and {ki}. This expression can further be simplified into 




m.} 

kl<k2<---<kN/3 il<J'2<"-<ifV/3 



n (-1)' n (-1)^' n 

ke{ki} je{ji} i^{ji},{ki} 


X 



l/(2s-l) 



4- 


{{U},{k,}) 

l/(2s-l) 







({fed.bd) 

l/(2s-l) 


tik.} 

E 

fel<fc2<'"<fciV/3 jl<h<---<0N/3 



n (-1)' n (-1)^' n 

kaiki} je{ji} i^{ii},{k.} 




,[ 2 ] 


[ 1 ] 


(43) 


(44) 


Here represents the wave function of a CLC oi v = l/(2s — 1) in which the electrons corresponding to the 

sets {ki} and {ji} are excluded. This is same as the CLC at HI, ^ ^ {^j})- The wave function in 

Eq. (44) is identical with the wave function 4' - presented in Eq. (19) of the previous section when to = 2s — 1. 
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STATES IN THE FILLING FACTOR RANGE 

1/3 < < 2/5 

On decreasing more and more flux from the ground 
state at z/ = 1/3, the number of electrons forming the 
LC decreases and the expelled electrons strongly interact 
among themselves in H 2 - A decrease of (N/4 + 2) fiux 


quanta will help to create a condensate of (A/4 + 2) elec¬ 
trons in H 2 with filling factor 1/5 which is unconventional 
[B] as characterized by the repulsive pseudopotential [7] 
in the channel with relative angular momentum three, 
rather than one. We thus obtain the ground state wave 
function at z/ = 4/11: 


'I'4/ii — 
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il<"-<jiV/4+2 


n <-!)> n 


Hi 




m3^} 


as coherently coupled LC (characterized by two-body 
pseudopotential Vi) at z^ = 1/3 in Hi and unconventional 
condensate (characterized by two-body pseudopotential 
V 3 ) at Z 2 = 1/5 in H 2 - The angular momentum of this 
wave function is given by = (A/2)[llA/4 — 5], in 


(45) 

5 3 


consistent with the flux-particle relationship predicted [5] 
for V = 4/11 in spherical geometry. 

Similarly, a decrease of (2A —2)/5 units of fiux quanta 
will create an unconventional condensate of (2A — 2)/5 
electrons in H 2 at the filling factor 2/7. The ground state 
wave function at v = 5/13: 
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(46) 


can then be described as coherently coupled LC ai v = 
1/3 and this unconventional condensate (characterized 
by V 3 ) at V = 2ll. The angular momentum of this state 
Afs/ia = (A/2)[^(A — 1)] is also consistent with the 
predicted flux-particle relationship [ 8 ]. 


A fractional quantum Hall state at z/ = 3/8 can then 
also be described as coherently coupled LC of (2A/3) 
electrons at z/ = 1/3 in Hi and a condensate at Z 2 = 1/4 
with Anti-Pfaffian pair correlation [HI [in] for A/3 elec¬ 
trons in H 2 - Therefore the corresponding ground state 
wave function 

















(47) 
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jl<---<jN/3 
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W/ 


has angular momentum = {N/2)[8N/3 — 3] obeying consistent flux-particle relationshipfH]. 


Although the ground state wave functions [Eqs.(45 


|47[ )] which are different from the previously proposed 
P [H] ones, for v = 4/11, 5/13, and 3/8 are proposed 
here, their validity for the Coulomb interaction has not 
been checked. The validity of these wave functions will 
be published elsewhere with the implementation of the 
present theory in a spherical geometry. 
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